The spectrum and essential spectrum in Lp(R") of a strongly Carleman pseudodifferential operator with symbol of class Sz,,, 0 <p < 1, are shown to coincide with the range of the symbol for some (but need not be all) p different from 2. The absolutely continuous spectra of perturbations of operators with strongly Carleman symbols (but without the assumption of being in S,",,,) are also investigated.
It is obvious that T, maps 9 into L'(R") and hence into the dual 9' of Y. Spectral properties of perturbations of To have been studied by Catchpole [3] on L2(--co, co) and Weder [21] and Wong [23, 26] on L2(iR"). In order to give more precise results on the spectral theory of pseudo-differential operators, we introduce the following class of symbols. DEFINITION. S is the class of all symbols u such that T, maps 5" into 9.
For -co < m < co and 0 <p < 1, Sr,O is the set of all functions u in C~(lR") such that for each multi-index a, (Pa)(<)= O(l~l"-"'"') as ItI-00. Obviously a symbol in Sr,O is a symbol of class S and a polynomial is a symbol of class S;tO.
In Wong [24- 261 and also in this paper, the following condition on a symbol (T is essential in obtaining some important information about the spectrum and essential spectrum of T, on Lp(lR") for p # 2.
DEFINITION.
A symbol CJ is said to be strongly Carleman if there is a positive number b such that &= OWb) as ltl+~~.
(1.1)
The definition we give coincides with the one given in Berezanskii [l] and Birman [2] for linear partial differential operators with constant coefficients. If a linear partial differential operator with constant coefficients is hypoelliptic (see Hiirmander [9, lo] or Taylor [20] ), it is strongly Carleman. The converse is not true.
In Schechter [14-161 ( see also Chap. 4 of Schechter [ 171) the spectrum and essential spectrum in Lp(iR") of strongly Carleman partial differential operators have been shown to coincide with the range of the symbols for some (but need not be all) p different from 2. The corresponding results for pseudo-differential operators with strongly Carleman symbols of class SF,, , 0 < p < 1, have been obtained in Wong [24, 25] . That the strongly Carleman condition is essential in obtaining such results can be shown (see Example 4.2) by the negative solution of the Riviere conjecture for the multiplier o(rl, &) = l/(<: -& + i) in Kenig and Tomas [ 12, 131. In this paper we study the spectrum and essential spectrum of T, on LP(lR") for p # 2 when ~7 is a strongly Carleman symbol of class Sr,O, 0 < p < 1. Moreover, we give a result on the absolutely continuous spectra of perturbations of T, when u is a strongly Carleman symbol of class S.
In Section 2 we define and study the minimal and maximal extensions of pseudo-differential operators T, on Lp(lR") for 1 < p Q 00. The symbols of the operators are assumed to be in S. We then show that the minimal and maximal extensions coincide for 1 & p < co. This generalizes a result of Goldstein in [7] . See also Chapter 4 of Schechter [ 171.
In Section 3 we give analogues of some results in Wong [24] for pseudodifferential operators with symbols in S. See Chapter 4 of Schechter [ 171 for the corresponding results for linear partial differential operators with constant coefficients.
In Section 4 we study the spectra and essential spectra of pseudodifferential operators T, on Lp(lR"). The symbols u are assumed to be strongly Carleman of class Sz,,, m > 0, 0 <p < 1, b > m/2 (see (1.1) for the definition of b). For strongly Carleman u in S'$, m > 0, 0 < p < 1, b > 0, the spectrum and essential spectrum of T, on Lp(R") have been investigated in Wong [24, 251 . The results obtained in this paper are sharper than those inWong [24, 25] atleastwhenO~p<I,m>l-pandb=(3m+l-p)/4 (see the remark in Section 4 for a more precise discussion). We then give an example to illustrate the significance of the strongly Carleman condition.
In Section 5 we obtain a result on powers of pseudo-differential operators. This, together with Theorem 3 in Weidmann [22] , can be used to locate the absolutely continuous spectra of perturbed pseudo-differential operators. The symbols of the unperturbed operators are assumed to be strongly Carleman of class S. The condition on the perturbing term appears to be first studied by Jorgens and Weidmann [ 111. The absolutely continuous spectra of perturbed pseudo-differential operators have been studied in Schechter [ 191 and Wong [23] by establishing the existence and completeness of wave operators. The symbols of the unperturbed operators in Wong [23] are hypoelliptic and hence strongly Carleman of class S. The conditions on the symbols of the unperturbed operators in Schechter [ 191 are neither more general nor more restricted than being strongly Carleman of class S. However, our conditions give better new results for partial differential operators since every polynomial is a symbol of class S. See p. 111 of Schechter [ 191. The standard notation in the theory of partial differential equations will be used. See Schechter [ 171.
THE MINIMAL AND MAXIMAL OPERATORS
Let u E S. In order to study the spectral properties of the pseudodifferential operator T, on Lp(lR"), 1 < p < co, we need to construct closed extensions in LP(R") of T,: 9 -+ 9'. PROPOSITION 2.1. Let u E S. Then for 1 < p Q a~, the pseudodifferential operator T,: 9 + Y is closable in LP(iRn).
Proof. Let {&,} be a sequence of functions in 9 such that #k + 0 and T,@k -+ f in Lp(R") as k+ co. Then for k = 1,2,..., Plancherel's Theorem gives (TC#k, v) = Qjk, T, y) for all w in 9. Letting k--f uo, (f w) = 0 for all y in .Y. Since 9 is dense in Lp(lR") for 1 Q p < 00, f = 0 in Lp(R") for 1 < p ( co. then u E %'(r,,) and the proof is complete. But using (2.5), Young's inequality and the fact that I( u -U, JIP -+ 0 as R + co, (2.7) and (2.8) follow immediately.
Remark. Theorem 2.4 indicates that for CJ E S, the minimal and maximal extensions in Lp(lR"), 1 < p < co, of To: 9 + 9 coincide. For 1 < p < cm, the spectrum and essential spectrum of Top (=FO,,) are denoted by C(T,,) and Z,(T,,), respectively. The essential spectrum C,(A) of a closed linear operator A on a Banach space is taken to be the one invented by Schechter.
[181.
See p. 14 of Schechter [ 171 or p. 180 of Schechter
PRELIMINARY RESULTS
In this section we obtain some results which will be used in Section 4. They are generalizations of several results in Section 3 of Wong [24] (see also Sect. 3 in Chap. 4 of Schechter [17] ). The proof given below is similar to that of Theorem 3.1 in Wong [24] . However, it is slightly simpler. As in Wong [24] , the following result is an immediate consequence of Theorem 3.1. The following result gives a connection between LP-multipliers and spectral theory. It is a generalization of Theorem 3.3 in Wong [24] . See also Schechter [ 161 and p. 66 of Schechter [ 171 for the corresponding result for partial differential operators. The proof of Theorem 3.3 is exactly the same as that of Theorem 3.3 in Wong [24] .
THE SPECTRUM AND ESSENTIAL SPECTRUM
Let p E (1, co) and u be a strongly Carleman symbol of class S$,, m > 0, 0 < p < 1. The following theorem gives conditions on (T and p under which the spectrum and essential spectrum of Top coincide with the range of u. Proof of Theorem 4.1. Let A be a complex number such that o(r) # A for c E R". Let t = u -il. Since u E SEO, it follows from the hypotheses that (~ff~NY~ (5) is O(l~lm-piai pb ItI -+ 00.
o(lrl (m-2b)--pJal) as ItI + co, i.e., 'l/r "s Smdzb. as I<] -+ co. Moreover, Theorem 30 in Chapter 5 of Coifman and Meyers [4] implies that PA 2b-mA-n'2 is a Fourier multiplier for H'(lR").
See Coifman and Meyers ]4] or Fefferman and Stein [6] for the definition of H'(lR").
Hence by Theorem 7 in Fefferman and Stein [6] , p = +42b-mA-n/2Am-2bt*2 is an Lpmultiplier if ] l/p -l/2] Q (2b -m)/n. Using the same argument as in the p > 0 case, (4.1) is valid for I l/p -l/21 < (2b -m)/n.
That the strongly Carleman condition is essential in getting (4.1) for some p different from 2 is shown by the following example. For a proof of Lemma 5.3, see Theorem 3.1 and the remark in Wong [26] . See also Catchpole [3] and Weder [21] .
Proof of Theorem 5.1. By Lemma 5.3, the resolvent set of TC0-1j2 contains 0 and is hence nonempty. Using a well known result, i.e., Theorem 2.16.4, in Hille and Phillips [8] , T:0-A,2 is closed. Since u E S, it follows that Tr2# = T[0-A3)24 for all 4 E 9. Hence Tt0-Aj2 is a one to one (by Lemma 3.2) closed extension of T,,. Since the resolvent set of Tr2 contains 0 by Lemma 5.3, we can conclude that Tt0-A,2 = Tr2.
In order to prove a result on the absolutely continuous spectrum of pseudo-differential operators, we need the following lemma. THEOREM 5.5. Let u be a real-valued symbol of class S satisfying (1.1) for some b > 0 and C(T,,) # (-w, co). Suppose that V is symmetric, T,,-bounded with T,,-bound < 1 and there exist constants 6 > 0, C > 0 and rl < 00 such that II vfll < C(l -+ v>r"-" llfll, for every f E (7 with f(x) = 0 for 1x1 < y. Then, with T = T,, + V, the absolutely continuous spectra C,,(T,,) and C,,(T) of T,, and T, respectively, are identical.
Proof. Since C(T,,) # (-00, oo), Lemma 5.3 implies that there is a A E (-co, a~) such that u(5) # A for lo R". Let r= (u -A)'(, where k is a positive integer such that kb > max(n, n + q). By Theorem 5.1, T,, = T:,--,,,. By Lemma 5.4, G(T,,) C L&(R").
Hence the proof of Theorem 3 in Weidmann [22] shows that the wave operators W+(T~,-Aj2, Tco-AjZ + V) exist and are complete. Thus Cac(T+njz + P') = C,,(T,,-,,,) and the proof is complete.
